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The rectification effect on the propagation of solitary waves in the symmetric Y-shaped granular
chain is numerically investigated in this Letter. A heterojunction with mass mismatch occurs at
the position of Y-junction by adjusting the branch angle. And the heavy-light heterojunction is
more favorable for the solitary wave passing. The energy rectification efficiency can be improved by
adjusting the branch angle and the direction of incident solitary wave. The results have particularly
practical significance for the potential design of acoustic diode devices.
The device that has rectification effect on the energy
flux such as the electrical, magnetic and thermal diodes
has been a hot topic in both scientific and technical com-
munities [1–3]. These pioneering works, especially for the
electrical diodes, have brought dramatic revolutions in
various fields. In the past decades, the acoustic diode has
been attracting extensive investigations, which provides
huge potential applications such as the acoustic silencers
[4], mechanical dampers [5], and energy containers [6].
The granular acoustic diode (GAD) has been identified
in one-dimensional granular chain by several experiments
and simulations [7–10]. For the potential design and ap-
plication of GAD, it is crucial to construct a basic block
of heterojunction and to learn about the rectification ef-
ficiency.
In this Letter, we numerically study the rectification
effect on the solitary wave (SW) in a symmetric Y-shaped
granular chain (YGC). The simulation results demon-
strate the possibility for establishing a simple model of
GAD. The YGC is consisted of one main chain (MC)
and two branch chains (BCs) of the top (TBC) and bot-
tom branch chain (BBC), shown in Fig. 1(a). In such
a system, the mass mismatch at the Y-shaped junction
results in a heterojunction, which allows us to tune the
transmission and reflection.
In the simulations, the branch angle (α) between the
TBC and MC is equally set as that of BBC with MC.
Those of three chains share one of the same grain (marked
by grain 0) at the interface of Y-shaped junction and
each of the MC and two BCs individually has 50 grains
(marked by 1,2, · · · , N ) which are spherical and placed
in three lines separately. And at the beginning of simu-
lations, the grains are arranged in barely touching each
other. The method of molecular dynamics is applied and
the dynamics of each grain is governed by Newton’s equa-
tions as used in our previous studies [11, 12]. In a sim-
ulation time step, the position and velocity of grains are
updated in turn. Only the translational motion is con-
sidered in the simulations. The normal interaction of
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two contact grains is determined by Hertz’s law in the
absence of dissipation [13, 14].
Fi,i+1 =
{
kz
3/2
i,i+1, zi,i+1 ≥ 0
0, zi,i+1 < 0
(1)
Herein, the overlap of two touching grains is denoted
as zi,i+1 = d− (xi+1 − xi), wherein the grain diameter is
d = 5.0 mm , and the absolute positions of grain i and
grain i+1 at the time of t are xi and xi+1 , respectively.
Also the elastic coefficient k is calculated as the following:
k = Y d
1
2 /3, Y = E1−ν2 . Moreover, the elastic parameters
involve in the Young’s modulus E = 193 GPa and Pois-
son ratio ν = 0.3. In the simulation, the mass and elastic
coefficient of each grain are as follows: m = 0.517 g and
k = 1.58 × 1011 N/m3/2. The Verlet-velocity algorithm
is adopted to update the position and velocity of grains.
The simulation time step is that dt = 1.0× 10−9 s. The
mark of ”+” represents the case of incident wave com-
ing from the direction of BC, and ”-” for that from the
direction of MC. The letters of I, T , and R are simpli-
fied forms of the incidence, transmission and reflection,
respectively.
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FIG. 1: Sketch of (a) simulation system and (b) Quasi-
particle model at the branch angle of α = 300.
To trigger the SW, the first edge grain in the chain was
given a certain impact velocity as a striker and the others
stayed still [15, 16]. In our simulations, the striker veloc-
ity was set at the longitudinal direction of each chain. Af-
2ter changing the magnitude of striker velocity vimp rang-
ing from 0.01 to 10.0 m/s, the same phenomena were
reproduced. The width of generated SW was 11d and
its amplitude was vmax/vimp = 0.682. In the following,
the striker velocity was fixed at vimp = 1.0 m/s. Tim-
ing started up when the amplitude of SW just arrived at
the grain 30. At this moment, the grain 30 got to the
first maximum velocity and the velocities of grain 35 and
grain 25 were zero.
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FIG. 2: (Color online) Temporal evolution of the velocities
of grain TBC 15, BBC 15 and MC 15 at the branch angle of
α = 300. The incident waves entered from the directions of
(a) BCs and (b) MC, respectively. And the curves of TBC 15
and BBC 15 were offset downward by 0.2 and 0.4 for clarity,
respectively.
Firstly, we simulated the wave rectification of two SWs
coming from the directions of TBC and BBC at the
branch angle of α = 300, respectively. In Fig. 2(a),
the relationship between the velocity of grain TBC 15,
BBC 15, and MC 15 and the time is given, respectively.
Two incident SWs identically passed through the TBC
15 and BBC 15 and then went through the Y-shaped
junction. The superposed wave entered into the MC in
which a leading transmitted SW with higher amplitude
than that of the incident SW was born and at least two
smaller SWs were generated in order. In the BCs, the re-
flected wave was almost prohibited, and the data showed
that there were very small negative velocities in the TBC
and BBC. In Fig. 2(b), the SW came from the direction
of MC. Compared with the previous case, the system of
YGC had a rectification effect on the SW. Both reflected
and transmitted waves were obtained as shown in Fig.
2(b). Due to the symmetry of system, the transmitted
SWs in TBC and BBC are completely equal. More im-
portantly, a larger fraction of incident energy shown in
Fig. 2(b) is reflected than that in Fig. 2(a).
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FIG. 3: (Color online) Temporal evolution of the velocities
of grain TBC 15, BBC 15 and MC 15 at the branch angle
of α = 600. The incident waves came from the directions of
(a) BCs and (b) MC, respectively. And the data of TBC 15
and BBC 15 were offset downward by 0.2 and 0.4 for clarity,
respectively.
The same simulations were carried out on the YGC at
the branch angle of α = 600 as shown in Fig. 3. While
the system shows the completely opposite properties of
wave rectification compared to that in Fig. 2. When
the SW enters from the direction of BC, both reflected
SW in the BC and transmitted SW in the MC are clearly
observed shown in Fig. 3(a). Similarly, the results shown
in Fig. 3(b) are almost the same to that shown in Fig.
2(a) when the incident SW enters from the direction of
BC. Several transmitted SWs are generated in the TBC
and BBC, and while the reflected waves in the MC are
not completely observed.
The YGC with the branch angle of α = 450 was also
simulated and the results were plotted in Fig. 4. It is
found that both transmitted and reflected waves generate
when the incident waves come from the directions of BCs
in Fig. 4(a) and MC in Fig. 4(b), respectively. Both
cases show that the leading transmitted wave has higher
amplitude than that of the reflected wave, which means
that more incident energy is transmitted.
The simulation results have shown that the SW recti-
fication in the YGC can be controlled by adjusting the
branch angle and incident direction. To understand the
origin of wave rectification, Fig. 5 plots the temporal
evolution of the displacement of grains around the Y-
shaped junction under the same conditions as in Fig. 2.
The slope of displacement-time curve is the grain veloc-
ity. And the positive slope indicates that the grain keeps
moving on, while the negative slope means that the grain
is reflected back. In Fig. 5, the interested is that the free
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FIG. 4: (Color online) Temporal evolution of the velocities
of grain TBC 15, BBC 15 and MC 15 at the branch angle of
α = 450. The incident wave entered from the directions of
(a) BCs and (b) MC, respectively. And the curves of TBC 15
and BBC 15were offset downward by 0.2 and 0.4 for clarity,
respectively.
flights appear at the straight lines of the displacement-
time curves, such as, the curves of TBC 2 in Fig. 5(a)
and those of TBC 1 and TBC 2 in Fig. 5(b). These free
flights imply that there are gaps between the adjacent
grains, see Movie 1 and Movie 2 in Supplemental Mate-
rial [17]. Also the similar free flights and gaps are also
observed under the conditions of branch angles of α = 600
and α = 450. The occurrence of the gap means that the
SW breaks down and the grain-grain collision happens
as reported in Refs. [18, 19]. Accompanying with the
opening and closing of the gap, a series of transmitted
and reflected waves generate at the same time.
The wave rectification might seem to result from the
effects of both dispersion and collision. Taking the YGC
with the branch angle of α = 300 for example, it might
be regarded as a heavy-light chain by using the momen-
tum conservation in horizontal direction [8]. The case
under the condition that two SWs are injected from the
directions of TBC and BBC is considered firstly. As the
superposed transmitted wave has larger amplitude and
higher propagation velocity than those of the incident
wave [20, 21]. And due to the different wave velocities
in the BC and MC, the dispersion effect occurs and the
incident wave and transmitted wave break down around
the Y-shaped junction. In the meantime, a mass het-
erojunction is formed because of the mass mismatch as
shown in Fig. 1(b). The action of incident wave seems to
be a heavy ball [22, 23]. Thus the collision effect occurs
where the velocity is decreased for the heavy ball in the
BC, and the light ball in the MC gets a higher velocity.
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FIG. 5: (Color online) Temporal evolution of the displacement
of grains around the Y-shaped junction. The same conditions
as those in Fig. 2(a)(b) were used in (a)and (b), respectively.
Both heavy ball and light ball keep moving forward after
the collision. The light ball will collide with the next ball
and its velocity is decreased. Then the light ball is hit
by the heavy ball again and the secondary wave is gener-
ated. Therefore, the appearance of the gap and a train of
secondary waves can be interpreted by the combined ef-
fects of dispersion and collision. When the mass of heavy
grain is increased, both dispersion effect and collision ef-
fect take a positive role on the increasing of transmis-
sion. In reverse, when a SW enters from the direction
of MC, the Y-shaped chain is analogue to a light-heavy
chain. The incident wave is decomposed into two equal
ones. The transmitted waves in the TBC and BBC have
smaller amplitudes and lower propagation velocities. The
breakdown of incident wave and transmitted wave occurs
due to the dispersion effect. Similarly, the gap between
grains appears and the collision effect leads to the reflec-
tion of incident light ball as it collides with a heavy ball.
At the latter time, the reflected grain goes back to the
chain and is reflected again. Then the continuous forward
and backward collisions activate the secondary transmit-
ted and reflected waves. Moreover, the mass decreasing
of light ball can reduce the transmission.
Based on the simulations and analyses above, it is rea-
sonable to simplify the SWs in the BCs and MC as three
quasi-particles with the effective mass meff and effective
velocity veff [9, 23]. When the SW passes through the Y-
shaped junction, both of the momentum in the horizontal
direction and the kinetic energy are conserved.
meffveffcosα+meffveffcosα =MeffVeff , (2)
41
2
meffv
2
eff +
1
2
meffv
2
eff =
1
2
MeffV
2
eff , (3)
where Meff and Veff are the combined effective mass and
effective velocity of BCs in the horizontal direction, re-
spectively. For the case of the SW coming from BC, the
mass factor can be defined as follows:
β+ =
Meff
meff
= 2(cosα)2, (4)
When the SW comes from the direction of MC, the
mass factor is denoted as β− = 1/β+. By using the
quasi-particle model, the mass mismatch at the Y-shaped
junction results in an acoustic heterojunction. The YGC
may be treated as three kinds of the heavy-light chain
(β+ > 1, β− < 1), light-heavy chain (β+ < 1, β− > 1),
and mono-dispersed chain (β+ = β− = 1).
Followed the discussion of quasi-particle model, the
transmission coefficient can be derived by the collision
of two particles. When the incident SW comes from the
direction of BC, the transmission coefficient can be ob-
tained by:
γT± =
ET±
EI±
=
{
1, β± ≥ 1
4β±
(1+β±)2
, β± < 1
, (5)
where EI± and E
T
± are the incident energy and trans-
mitted energy, respectively. For the case of the SW going
through a heavy-light junction (β± ≥ 1), the heavy grain
keeps moving forward after the collision, and all incident
energy is transmitted through the Y-shaped junction and
no energy is reflected. On the contrary, a fraction of inci-
dent energy is transmitted and the rest is reflected when
the SW passes through a light-heavy junction (β± < 1).
The propagation of SW can be efficiently controlled by
the YGC with different branch angles. The relationship
of the total transmission of energy flux with the branch
angle is plotted in Fig. 6. The simulation results are
in good agreement with the theoretical predictions. As
expected, the simulated YGC is identified as an effective
GAD model. γT+ and γ
T
− are continuously modulated by
adjusting the branch angle. When α ≤ 450, the incident
SW from the direction of BC has a higher transmission
coefficient than that from the direction of MC, i.e., γT+ >
γT−. Conversely, when α > 45
0, the YGC allows more
energy to pass through the Y-shaped junction as the SW
is injected from the direction of MC, that is, γT+ < γ
T
−.
The corresponding rectification efficiency is also plotted
in Fig. 6,where the larger the branch angle is, the higher
the rectification efficiency is.
In summary, we have numerically investigated the rec-
tification effect on the solitary wave in a symmetric Y-
shaped granular chain. The branch angle dependence
of the transmission and reflection is identified by both
simulation experiments and analytical predictions. The
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FIG. 6: (Color online) Relationships of the transmission co-
efficients and rectification efficiency with the branch angle.
Square and circle symbols are for the results of incident SW
coming from the directions of BC and MC, respectively. Solid
and open symbols are for the transmission coefficients of the
simulation and theoretical results, respectively. Solid and
dashed lines are for the rectification efficiency of simulation
and theoretical results, respectively.
dynamics of solitary wave propagation in the Y-shaped
granular chain is analogous to that of one dimensional
granular chain with a heavy chain and a light chain. The
combined effects of dispersion and collision result in the
breakdown of incident and transmitted waves. And the
increasing of branch angle is favorable for the increasing
of rectification efficiency. The basic prototype of simu-
lations for the Y-shaped granular chain offers the possi-
bility of designing granular acoustic diodes, which might
have potential application for the acoustic wave manip-
ulation.
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